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defined. Further, by finding the partial derivatives developed the Schur 

convexity and Schur geometric convexity results. 
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1. INTRODUCTION  
 

The well-known means in literature namely; Arithmetic 

mean, Geometric mean and Harmonic mean are 

presented by Pappus of Alexandria [Bullen, 2003]. In 

Pythagorean school on the basis of proportion, 10 Greek 

means are defined, among these means the well-known 

in literature are given as follows: For two positive real 

numbers a and b; 𝐴(𝑎, 𝑏)  =  
𝑎+𝑏

2
 ; 𝐺(𝑎, 𝑏)  =  √𝑎𝑏; 

𝐻(𝑎, 𝑏)  =  
2𝑎𝑏

𝑎+𝑏
   𝑎𝑛𝑑 𝐶(𝑎, 𝑏)  =  

𝑎2+𝑏2

𝑎+𝑏
. These are 

respectively called Arithmetic mean (A.M), Geometric 

mean (G.M), Harmonic mean (H.M) and 

Contraharmonic mean (C.M). In 1958, C. Gini 

introduced Complementary means and G.Toader in 

1991 proposed a generalization of complementariness 

and inversion (Toader, S. & Toader, G. 2005). In 1923, 

Issai Schur introduced the concept of Schur convexity, 

which has applications in linear regression, analytic 

inequalities, Gamma functions, graphs and matrices, 

stochastic orderings, combinatorial optimization, 

information theoretic topics, reliability and related 

fields.  

 

2. LITERATURE REVIEW 
 

The Schur geometrical convexity and concavity of the 

extended and other mean values were discussed by 

(Chu, Y. M. et al, 2008, Shi, H. N. et al, 2010, Murali, 

K. & Nagaraja, K. M. 2013, 2016, Janardhana, L. et al, 

2017) 

 

Results on Schur convex and concave functions studied 

by (Elezovic, N. et al, 1998, Janardhana, L. et al, 2017a, 
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2017b, Lokesh, et al, 2010a, 2010b, 2011, Marshall, A. 

M. & Olkin, I. 1979, Nagaraja, K. M. et al, 2008, 2010, 

2011, 2013, 2014a, 2014b, 2014c, 2017, Naveen 

Kumar, B. et al, 2014, Sampath Kumar, R. et al., 2017a, 

2017b). 

 

The Schurharmonic convexity and concavityresults 

were discussed in (Nagaraja, K. M. et al., 2013a, 

2013b). This paper was developed based on the above 

literature survey. 

 

3. DEFINITIONS AND LEMMAS 
 

Definition 1: (Toader, S. & Toader, G. 2005) A mean 𝑁 

is called complementary to 𝑀 with respect to 𝑃( or 𝑃-

complementary to 𝑀) if it verifies 𝑃(𝑀,𝑁) = 𝑃, it is 

denoted by  𝑀(𝑃) = 𝑁 . 

1. The complementary of geometric mean with 

respect to Heron mean is denoted by 𝐺(𝐻𝑒) and 

is given by 

𝐺(𝐻𝑒) =
1

2
[2𝑎 + 2𝑏 + √𝑎𝑏 −

                                                    √4(𝑎 + 𝑏)√𝑎𝑏 + 𝑎𝑏]. 

2. The complementary of arithmetic mean with 

respect to Heron mean is denoted by 𝐴(𝐻𝑒) and 

is given by 

𝐴(𝐻𝑒) 1

4
[3𝑎 + 3𝑏 + 4√𝑎𝑏 −

                            √(𝑎 + 𝑏)(5𝑎 + 5𝑏 + 8√𝑎𝑏)]. 

3. The complementary of harmonic mean with 

respect to Heron mean is denoted by 𝐻(𝐻𝑒) and 

is given by 

𝐻(𝐻𝑒) = 𝑎 + 𝑏 + √𝑎𝑏 −
𝑎𝑏

𝑎 + 𝑏
 

−
√2𝑎𝑏(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏

𝑎 + 𝑏
 

4. The complementary of contra harmonic mean 

with respect to Heron mean is denoted by 

𝐶(𝐻𝑒) and is given by 

𝐶(𝐻𝑒) = 2(𝑎 + 𝑏 + √𝑎𝑏) −
𝑎2 + 𝑏2

𝑎 + 𝑏
− 

√[(𝑎2 + 𝑏2) + 8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)](𝑎2 + 𝑏2)

𝑎 + 𝑏
 

 

Definition 2: [A. M. Marshall and I. Olkin, 1979] 

Let 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) 𝑎𝑛𝑑 𝑦 = (𝑦1, 𝑦2, . . . , 𝑦𝑛)𝜖𝑅𝑛 

(i) x is majorized by y, (in symbol x ≼ y). If∑ 𝑥𝑖 ≤𝑘
𝑖=1

∑ 𝑦𝑖
𝑘
𝑖=1  , ∑ 𝑥𝑖 = ∑ 𝑦𝑖

𝑛
𝑖=1

𝑛
𝑖=1 where 𝑥1 ≥ 𝑥2, ≥. . . , ≥

𝑥𝑛and 𝑦1 ≥ 𝑦2 ≥. . . ≥ 𝑦𝑛 are rearrangements of x and y 

in descending order.(ii) Ω⊆ 𝑅𝑛is called a convex set if 

(𝛼𝑥1 + 𝛽𝑦1 …… 𝛼𝑥𝑛 + 𝛽𝑦𝑛)for every x, y 𝜖Ω, where  

𝛼, 𝛽𝜖[0,1]with 𝛼 + 𝛽 = 1. 

Let Ω⊆ 𝑅𝑛 the function 𝜑:𝛺 ⟶ 𝑅  is said to be a Schur 

convex function on Ω  if 𝑥 ≤   𝑦 on Ω implies 𝜑(𝑥) ≤
𝜑(𝑦). 𝜑is said to be a Schur concave function on Ω  if 

and only if - 𝜑 is Schur convex. 

 

Definition 3: Let 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) 𝑎𝑛𝑑 𝑦 =
(𝑦1, 𝑦2, . . . , 𝑦𝑛)𝜖𝑅𝑛

+ Ω⊆ 𝑅𝑛  is called geometrically 

convex set if for everyx, y 𝜖𝜑, where  𝛼, 𝛽𝜖[0,1]with 

𝛼 + 𝛽 = 1. 
Let Ω⊆ 𝑅𝑛, the function 𝜑:𝛺 ⟶ 𝑅+ is said to be Schur 

geometrically convex function on Ω if 

(𝑙𝑛𝑥1, 𝑙𝑛𝑥2, . . . , 𝑙𝑛𝑥𝑛) ⊰ (𝑙𝑛𝑦1 , 𝑙𝑛𝑦2, . . . , 𝑙𝑛𝑦𝑛) on Ω 

implies 

𝜑(𝑥) ≤ 𝜑(𝑦). Then 𝜑 is said to be a Schur 

geometrically concave function on 𝜑 if and only if −𝜑 

is Schur geometrically convex. 

 

Definition 4: Ω⊆ 𝑅𝑛is called symmetric set if x 𝜖Ω 

implies 𝑃𝑥𝜖Ω for every 𝑛𝑥𝑛 permutation matrix 𝑃.  

 

The function 𝜑:𝛺 ⟶ 𝑅 is called symmetric if for every 

permutation matrix 𝑃, 𝜑(Px)= 𝜑(𝑥) for all 𝑥𝜖Ω. 

 

Definition 5: Let Ω⊆ 𝑅𝑛 𝜑: 𝛺 ⟶ 𝑅 be symmetric and 

convex function, then 𝜑 is Schur convex on 𝛺. 

 

Lemma 1: Let Ω⊆ 𝑅𝑛 be symmetric with non-empty 

interior geometrically convex set and let 𝜑:𝛺 ⟶ 𝑅+ be 

continuous on 𝛺 and differentiable in 𝛺0. If 

𝜑 is symmetric on 𝛺 and 

(𝑥1 − 𝑥2) (
𝜕𝜑

𝜕𝑥1

−
𝜕𝜑

𝜕𝑥2

) ≥ 0(≤ 0) 

(𝑙𝑛𝑥1 − 𝑙𝑛𝑥2) (𝑥1

𝜕𝜑

𝜕𝑥1

−
𝜕𝜑

𝑥2𝜕𝑥2

) ≥ 0(≤ 0) 

(𝑥1 − 𝑥2) (𝑥1
2

𝜕𝜑

𝜕𝑥1

− 𝑥2
2

𝜕𝜑

𝜕𝑥2

) ≥ 0(≤ 0) 

is a Schur convex (concave), Schur-geometrically 

convex(concave) and Schur-harmonically convex 

(concave) function respectively. 

 
4. MAIN RESULTS 
 

Theorem 1: For 𝑎, 𝑏 > 0, the complementary of 

arithmetic mean with respect to Heron mean is Schur 

concave. 

 

Proof: The complementary of arithmetic mean with 

respect to Heron mean is given by; 

𝐴𝐻𝑒 =
1

4
[3𝑎 + 3𝑏 + 4√𝑎𝑏 −

                                        √(𝑎 + 𝑏){5𝑎 + 5𝑏 + 8√𝑎𝑏}]  

The partial derivatives of 𝐴𝐻𝑒 with respect to 𝑎 and 𝑏 

are given by 

𝜕𝐴𝐻𝑒

𝜕𝑎
=

1

4

[
 
 
 

3 +
2𝑏

√𝑎𝑏
−

4𝑏(𝑎+𝑏)

√𝑎𝑏
+ 10(𝑎 + 𝑏) + 8√𝑎𝑏

2√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)]
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and 

𝜕𝐴𝐻𝑒

𝜕𝑏
=

1

4

[
 
 
 

3 +
2𝑎

√𝑎𝑏
−

4𝑎(𝑎+𝑏)

√𝑎𝑏
+ 10(𝑎 + 𝑏) + 8√𝑎𝑏

2√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

Consider,  

𝜕𝐴𝐻𝑒

𝜕𝑎
−

𝜕𝐴𝐻𝑒

𝜕𝑏
=

1

2

[
 
 
 
𝑏 − 𝑎

√𝑎𝑏

−

(𝑏−𝑎)(𝑎+𝑏)

√𝑎𝑏

2√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

Then,  

(𝑎 − 𝑏) [
𝜕𝐴𝐻𝑒

𝜕𝑎
−

𝜕𝐴𝐻𝑒

𝜕𝑏
]

=
(𝑎 − 𝑏)2

2√𝑎𝑏
[
 
 
 𝑎 + 𝑏 − √5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)

√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏) ]
 
 
 

 

Clearly, 0 < 4(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏), adding 

(𝑎 + 𝑏)2 on both sides, then 

𝑎 + 𝑏 < √5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)  

Thus,  (𝑎 − 𝑏) [
𝜕𝐴𝐻𝑒

𝜕𝑎
−

𝜕𝐴𝐻𝑒

𝜕𝑏
] < 0.  

Hence the proof of the theorem 1. 

 

Theorem 2: For 𝑎, 𝑏 > 0, the complementary of 

arithmetic mean with respect to Heron mean is Schur 

geometrically convex. 

 

Proof: The complementary of arithmetic mean with 

respect to Heron mean is given by;  

𝐴𝐻𝑒 =
1

4
[3𝑎 + 3𝑏 + 4√𝑎𝑏 −

                                         √(𝑎 + 𝑏){5𝑎 + 5𝑏 + 8√𝑎𝑏}]  

The partial derivatives of 𝐴𝐻𝑒 with respect to 𝑎 and 𝑏 

are given by 

𝜕𝐴𝐻𝑒

𝜕𝑎
=

1

4

[
 
 
 

3 +
2𝑏

√𝑎𝑏
−

4𝑏(𝑎+𝑏)

√𝑎𝑏
+ 10(𝑎 + 𝑏) + 8√𝑎𝑏

2√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

and 

𝜕𝐴𝐻𝑒

𝜕𝑏
=

1

4

[
 
 
 

3 +
2𝑎

√𝑎𝑏
−

4𝑎(𝑎+𝑏)

√𝑎𝑏
+ 10(𝑎 + 𝑏) + 8√𝑎𝑏

2√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

 

 

 

 

Consider, 

𝑎
𝜕𝐴𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐴𝐻𝑒

𝜕𝑏
=

1

4

[
 
 
 

3(𝑎 − 𝑏)

−
5(𝑏 − 𝑎)(𝑎 + 𝑏) + 4√𝑎𝑏(𝑏 − 𝑎)

2√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏) ]
 
 
 

 

Then,  

(𝑙𝑛𝑎 − 𝑙𝑛𝑏) [𝑎
𝜕𝐴𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐴𝐻𝑒

𝜕𝑏
] = 

(𝑙𝑛𝑎 − 𝑙𝑛𝑏)(𝑎 − 𝑏)

4

[
 
 
 

3 −
5(𝑎 + 𝑏) + 4√𝑎𝑏

√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

 

Clearly,  3√5(𝑎 + 𝑏)2 + 8√𝑎𝑏(𝑎 + 𝑏) − (5(𝑎 + 𝑏) +

4√𝑎𝑏) > 0 

Thus, (𝑙𝑛𝑎 − 𝑙𝑛𝑏) [𝑎
𝜕𝐴𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐴𝐻𝑒

𝜕𝑏
] > 0.   

Hence the proof of the theorem 2. 

 

Theorem 3: For 𝑎, 𝑏 > 0, the complementary of 

geometric mean with respect to Heron mean is Schur 

convex. 

 

Proof: The complementary of geometric mean with 

respect to Heron mean is given by  

𝐺𝐻𝑒 =
1

2
[2𝑎 + 2𝑏 + √𝑎𝑏 − √4(𝑎 + 𝑏)√𝑎𝑏 + 𝑎𝑏] 

 

The partial derivative of 𝐺𝐻𝑒 with respect to 𝑎 and 𝑏 are 

given by 

𝜕𝐺𝐻𝑒

𝜕𝑎
=

1

4

[
 
 
 

4 +
𝑏

√𝑎𝑏
−

𝑏(√𝑎𝑏 + 6𝑎 + 2𝑏)

√𝑎𝑏√𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

and 

𝜕𝐺𝐻𝑒

𝜕𝑏
=

1

4

[
 
 
 

4 +
𝑎

√𝑎𝑏
−

𝑎(√𝑎𝑏 + 6𝑏 + 2𝑎)

√𝑎𝑏√𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

Then, 

(𝑎 − 𝑏) [
𝜕𝐺𝐻𝑒

𝜕𝑎
−

𝜕𝐺𝐻𝑒

𝜕𝑏
]

=
(𝑎 − 𝑏)2

4√𝑎𝑏
[
 
 
 √𝑎𝑏 + 2(𝑎 + 𝑏) − √𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)

√𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏) ]
 
 
 

 

Clearly, √𝑎𝑏 + 2(𝑎 + 𝑏) − √𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)>0 

Thus, (𝑎 − 𝑏) [
𝜕𝐺𝐻𝑒

𝜕𝑎
−

𝜕𝐺𝐻𝑒

𝜕𝑏
] > 0. 

 

Hence the proof of the theorem 3. 
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Theorem 4: For 𝑎, 𝑏 > 0, the complementary of 

geometric mean with respect to Heron mean is Schur 

geometrically convex. 

 

Proof: The complementary of geometric mean with 

respect to Heron mean is given by 

𝐺𝐻𝑒 =
1

2
[2𝑎 + 2𝑏 + √𝑎𝑏 − √4(𝑎 + 𝑏)√𝑎𝑏 + 𝑎𝑏] 

 

The partial derivative of 𝐺𝐻𝑒 with respect to 𝑎 and 𝑏 are 

given by 

𝜕𝐺𝐻𝑒

𝜕𝑎
=

1

4

[
 
 
 

4 +
𝑏

√𝑎𝑏
−

𝑏(√𝑎𝑏 + 6𝑎 + 2𝑏)

√𝑎𝑏√𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

and 

𝜕𝐺𝐻𝑒

𝜕𝑏
=

1

4

[
 
 
 

4 +
𝑎

√𝑎𝑏
−

𝑎(√𝑎𝑏 + 6𝑏 + 2𝑎)

√𝑎𝑏√𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

Then,(𝑙𝑛𝑎 − 𝑙𝑛𝑏) [𝑎
𝜕𝐺𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐺𝐻𝑒

𝜕𝑏
]   = 

(𝑙𝑛𝑎 − 𝑙𝑛𝑏)(𝑎 − 𝑏)

4

[
 
 
 

4 −
4√𝑎𝑏

√𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
 
 
 

 

Clearly, 4√𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏) − 4√𝑎𝑏 > 0 

Thus,  (𝑙𝑛𝑎 − 𝑙𝑛𝑏) [𝑎
𝜕𝐺𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐺𝐻𝑒

𝜕𝑏
] > 0. 

Hence the proof of the theorem 4. 

 

Theorem 5: For 𝑎, 𝑏 > 0, the complementary of contra 

harmonic mean with respect to Heron mean is Schur 

concave. 

 

Proof: The complementary of contra harmonic mean 

with respect to Heron mean is given by  

𝐶𝐻𝑒 = 2𝑎 + 2𝑏 + 2√𝑎𝑏 −
𝑎2 + 𝑏2

𝑎 + 𝑏
 

−
√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

𝑎 + 𝑏
 

The partial derivatives of 𝐶𝐻𝑒 with respect to 𝑎 and 𝑏 

are given by 

𝜕𝐶𝐻𝑒

𝜕𝑎
= 2 +

𝑏

√𝑎𝑏
−

2𝑎

𝑎 + 𝑏
+

(𝑎2 + 𝑏2)

(𝑎 + 𝑏)2
 

+
√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

(𝑎 + 𝑏)2
 

−
(𝑎2 + 𝑏2) [4𝑎 + 8𝑏 +

2𝑏(𝑎+𝑏)

√𝑎𝑏
+ 4√𝑎𝑏]

2(𝑎 + 𝑏)√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

 

−
[4𝑎 + 8𝑏 +

2𝑏(𝑎+𝑏)

√𝑎𝑏
+ 4√𝑎𝑏] + 16𝑎2𝑏 + 8𝑎(𝑎 + 𝑏)√𝑎𝑏

2(𝑎 + 𝑏)√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

 

 

and 

𝜕𝐶𝐻𝑒

𝜕𝑏
= 2 +

𝑎

√𝑎𝑏
−

2𝑏

𝑎 + 𝑏
 

 

+
(𝑎2 + 𝑏2) + √(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

(𝑎 + 𝑏)2
 

−
(𝑎2 + 𝑏2) [4𝑏 + 8𝑎 +

2𝑎(𝑎+𝑏)

√𝑎𝑏
+ 4√𝑎𝑏]

2(𝑎 + 𝑏)√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

 

 

−
16𝑎𝑏2 + 8𝑏(𝑎 + 𝑏)√𝑎𝑏

2(𝑎 + 𝑏)√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

 

Consider,  

𝜕𝐶𝐻𝑒

𝜕𝑎
−

𝜕𝐶𝐻𝑒

𝜕𝑏
=

𝑏 − 𝑎

√𝑎𝑏
+

2(𝑏 − 𝑎)

𝑎 + 𝑏
 

+
(𝑎2 + 𝑏2) [4(𝑎 − 𝑏) +

2(𝑎−𝑏)(𝑎+𝑏)

√𝑎𝑏
]

2(𝑎 + 𝑏)√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

 

+
(𝑏 − 𝑎)(16𝑎𝑏 + 8√𝑎𝑏(𝑎 + 𝑏))

2(𝑎 + 𝑏)√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

 

Then, (𝑎 − 𝑏) [
𝜕𝐶𝐻𝑒

𝜕𝑎
−

𝜕𝐶𝐻𝑒

𝜕𝑏
] = −(𝑎 − 𝑏)2 [

1

√𝑎𝑏
+

2

𝑎+𝑏
  

+ 
−4(𝑎2 + 𝑏2) −

2(𝑎2+𝑏2)(𝑎+𝑏)

√𝑎𝑏
+ 16𝑎𝑏 + 8√𝑎𝑏(𝑎 + 𝑏)

 2(𝑎 + 𝑏)√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
]
 
 
 

 

=
−(𝑎 − 𝑏)2(√𝑎 + √𝑏)

2

(𝑎 + 𝑏)√𝑎𝑏
 

[
 
 
 

1 +
4𝑎𝑏−𝑎2 − 𝑏2

√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
]
 
 
 

 

Clearly, 

√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]+

4𝑎𝑏−𝑎2 − 𝑏2 > 0 

Thus, (𝑎 − 𝑏) [
𝜕𝐶𝐻𝑒

𝜕𝑎
−

𝜕𝐶𝐻𝑒

𝜕𝑏
] < 0.  

Hence the proof of the theorem 5. 

 

Theorem 6: For 𝑎, 𝑏 > 0, the complementary of contra 

harmonic mean with respect to Heron mean is Schur 

geometrically concave. 

 

Proof: The complementary of contra harmonic mean 

with respect to Heron mean is given by  

𝐶𝐻𝑒 = 2𝑎 + 2𝑏 + 2√𝑎𝑏 −
𝑎2 + 𝑏2

𝑎 + 𝑏
 

−
√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

𝑎 + 𝑏
 

The partial derivatives of 𝐶𝐻𝑒 with respect to 𝑎 and 𝑏 

are given by (refer theorem 5) 
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Consider,  

𝑎
𝜕𝐶𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐶𝐻𝑒

𝜕𝑏
=

(𝑏 − 𝑎)[−𝑎2 − 𝑏2]

(𝑎 + 𝑏)2
+ [

𝑏 − 𝑎

(𝑎 + 𝑏)2
] 

[
 
 
 

(𝑎2 + 𝑏2)(𝑎2 + 𝑏2 + 4𝑎𝑏)

√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

+ 

 

2√𝑎𝑏(𝑎 + 𝑏)(3𝑎2 + 3𝑏2 + 8𝑎𝑏)

√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]
]
 
 
 

 

Then, 

(𝑙𝑛𝑎 − 𝑙𝑛𝑏) [𝑎
𝜕𝐶𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐶𝐻𝑒

𝜕𝑏
] =  

(𝑙𝑛𝑎 − 𝑙𝑛𝑏)(𝑏 − 𝑎)

(𝑎 + 𝑏)2
 

[
 
 
 

(𝑎2 + 𝑏2)(𝑎2 + 𝑏2 + 4𝑎𝑏)

√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

 

 2√𝑎𝑏(𝑎 + 𝑏)(3𝑎2 + 3𝑏2 + 8𝑎𝑏)

√(𝑎2 + 𝑏2)2 + (𝑎2 + 𝑏2)[8𝑎𝑏 + 4√𝑎𝑏(𝑎 + 𝑏)]

−𝑎2 − 𝑏2

]
 
 
 

 

 

Clearly, above expression is positive. 

Thus, (𝑙𝑛𝑎 − 𝑙𝑛𝑏) [𝑎
𝜕𝐶𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐶𝐻𝑒

𝜕𝑏
]< 0.   

Hence the proof of the theorem 6. 

 

Theorem 7: For 𝑎, 𝑏 > 0, the complementary of 

harmonic mean with respect to Heron mean is Schur 

concave. 

 

Proof: The complementary of harmonic mean with 

respect to Heron mean is given by  

𝐻𝐻𝑒 = 𝑎 + 𝑏 + √𝑎𝑏 −
𝑎𝑏

𝑎 + 𝑏
 

−
√𝑎𝑏[2(𝑎 + 𝑏)2 + 2(𝑎 + 𝑏)√𝑎𝑏 − 3𝑎𝑏]

𝑎 + 𝑏
 

The partial derivatives of 𝐻𝐻𝑒  with respect to  𝑎 and 𝑏 

are given by 

 

𝜕𝐻𝐻𝑒

𝜕𝑎
= 1 +

𝑏

2√𝑎𝑏
−

𝑏

𝑎 + 𝑏
 

+
𝑎𝑏 + √𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

(𝑎 + 𝑏)2
 

 

−
𝑎𝑏 (

𝑏(𝑎+𝑏)

√𝑎𝑏
+ 4(𝑎 + 𝑏) + 2√𝑎𝑏 − 3𝑏)

2(𝑎 + 𝑏)√𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

 

−
𝑏(2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏)

2(𝑎 + 𝑏)√𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

 

 

 

 

and 

𝜕𝐻𝐻𝑒

𝜕𝑏
= 1 +

𝑎

2√𝑎𝑏
−

𝑎

𝑎 + 𝑏
 

+
𝑎𝑏 + √𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

(𝑎 + 𝑏)2
 

−
𝑎𝑏 (

𝑎(𝑎+𝑏)

√𝑎𝑏
+ 4(𝑎 + 𝑏) + 2√𝑎𝑏 − 3𝑎)

2(𝑎 + 𝑏)√𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

 

−
𝑎(2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏)

2(𝑎 + 𝑏)√𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

 

Then, 

(𝑎 − 𝑏) (
𝜕𝐻𝐻𝑒

𝜕𝑎
−

𝜕𝐻𝐻𝑒

𝜕𝑏
)  = [

(𝑎 − 𝑏)2

2√𝑎𝑏(𝑎 + 𝑏)
] × 

[
 
 
 

2√𝑎𝑏 − 𝑎 − 𝑏 +
2(𝑎 + 𝑏)2 + 3√𝑎𝑏(𝑎 + 𝑏) − 6𝑎𝑏

√2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]
 
 
 

 

Clearly,  

2√𝑎𝑏 − 𝑎 − 𝑏 +
2(𝑎 + 𝑏)2 + 3√𝑎𝑏(𝑎 + 𝑏) − 6𝑎𝑏

√2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏

> 0 

Thus (𝑎 − 𝑏) (
𝜕𝐻𝐻𝑒

𝜕𝑎
−

𝜕𝐻𝐻𝑒

𝜕𝑏
) < 0. 

Hence the proof of the theorem 7. 

 

Theorem 8: For 𝑎, 𝑏 > 0, the complementary of 

harmonic mean with respect to Heron mean is Schur 

geometrically convex. 

 

Proof:  The complementary of harmonic mean with 

respect to Heron mean is given by  

𝐻𝐻𝑒 = 𝑎 + 𝑏 + √𝑎𝑏 −
𝑎𝑏

𝑎 + 𝑏
 

−
√𝑎𝑏[2(𝑎 + 𝑏)2 + 2(𝑎 + 𝑏)√𝑎𝑏 − 3𝑎𝑏]

𝑎 + 𝑏
 

The partial derivatives of 𝐻𝐻𝑒  with respect to 𝑎 and 𝑏 

are given by (refer theorem7) 

 

Consider, 

(𝑙𝑛𝑎 − 𝑙𝑛𝑏) (𝑎
𝜕𝐻𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐻𝐻𝑒

𝜕𝑏
)

= (𝑙𝑛𝑎 − 𝑙𝑛𝑏)(𝑎 − 𝑏) × 

 

 

[
 
 
 

(

 1 +
𝑎𝑏 + √𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

(𝑎 + 𝑏)2

)

  

−

(

 
2𝑎𝑏(𝑎 + 𝑏) + 𝑎𝑏√𝑎𝑏

(𝑎 + 𝑏)√𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]
)

 

]
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Clearly, 

(

 1 +
𝑎𝑏 + √𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]

(𝑎 + 𝑏)2

)

  

−

(

 
2𝑎𝑏(𝑎 + 𝑏) + 𝑎𝑏√𝑎𝑏

(𝑎 + 𝑏)√𝑎𝑏[2(𝑎 + 𝑏)2 + 2√𝑎𝑏(𝑎 + 𝑏) − 3𝑎𝑏]
)

 > 0 

 

 

Thus, (𝑙𝑛𝑎 − 𝑙𝑛𝑏) (𝑎
𝜕𝐻𝐻𝑒

𝜕𝑎
− 𝑏

𝜕𝐻𝐻𝑒

𝜕𝑏
) > 0.  

Hence the proof of the theorem 8. 

 

4. CONCLUSION 
 

 The results discussed in this paper have applications in 

linear regression, analytic inequalities, Gamma 

functions, graphs and matrices, stochastic orderings, 

combinatorial optimization, information theoretic 

topics, reliability and related fields. 
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